This article reviews and updates the Standard Model prediction of the τ lepton g−2. Updated QED and electroweak contributions are presented, together with new values of the leading-order hadronic term, based on the recent low energy e + e − data from BaBar, CMD-2, KLOE and SND, and of the hadronic light-by-light contribution. The total prediction is confronted to the available experimental bounds on the τ lepton anomaly, and prospects for its future measurements are briefly discussed.
Introduction
Numerous precision tests of the Standard Model (SM) and searches for its possible violation have been performed in the last few decades, serving as an invaluable tool to test the theory at the quantum level. They have also provided stringent constraints on many "New Physics" (NP) scenarios. A typical example is given by the measurements of the anomalous magnetic moment of the electron and the muon, where recent experiments reached the fabulous relative precision of 0.7 ppb 1 and 0.5 ppm, 2 respectively. These experiments measure the so-called gyromagnetic factor g, defined by the relation between the particle's spin s and its magnetic moment µ,
where e and m are the charge and mass of the particle. In the Dirac theory of a charged point-like spin-1/2 particle, g = 2. Quantum Electrodynamics (QED) predicts deviations from Dirac's value, as the charged particle can emit and reabsorb virtual photons. These QED effects slightly increase the g value. It is conventional to express the difference of g from 2 in terms of the value of the so-called anomalous magnetic moment, a dimensionless quantity defined as a = (g − 2)/2. The anomalous magnetic moment of the electron, a e , is rather insensitive to strong and weak interactions, hence providing a stringent test of QED and leading to the most precise determination of the fine-structure constant α to date. 3,4 On the other hand, the g−2 of the muon, a µ , allows to test the entire SM, as each of its sectors contributes in a significant way to the total prediction. Compared with a e , a µ is also much better suited to unveil or constrain NP effects. Indeed, for a lepton l, their contribution to a l is generally expected to be proportional to m 2 l /Λ 2 , where m l is the mass of the lepton and Λ is the scale of NP, thus leading to an (m µ /m e ) 2 ∼ 4 × 10 4 relative enhancement of the sensitivity of the muon versus the electron anomalous magnetic moment. This more than compensates the much higher accuracy with which the g factor of the latter is known. The anomalous magnetic moment of the τ lepton, a τ , would suit even better; however, its direct experimental measurement is prevented by the relatively short lifetime of this lepton, at least at present. The existing limits are based on the precise measurements of the total and differential cross sections of the reactions e + e − → e + e − τ + τ − and e + e − → Z → τ + τ − γ at LEP energies. The most stringent limit, −0.052 < a τ < 0.013 at 95% confidence level, was set by the DELPHI collaboration, 5 and is still more than an order of magnitude worse than that required to determine a τ .
In the 1990s it became clear that the accuracy of the theoretical prediction of the muon g−2, challenged by the E821 experiment underway at Brookhaven, 2 was going to be restricted by our knowledge of its hadronic contribution. This problem has been solved by the impressive experiments at low-energy e + e − colliders, where the total hadronic cross section (as well as exclusive ones) were measured with high precision, allowing a significant improvement of the uncertainty of the leading-order hadronic contribution. 6,7 As a result, the accuracy of the SM prediction for a µ now matches that of its measurement. In parallel to these efforts, very many improvements of all other sectors of the SM prediction were carried on by a large number of theorists (see Refs. 8, 9 for reviews). All these experimental and theoretical developments allow to significantly improve the theoretical prediction for the anomalous magnetic moment of τ lepton as well.
In this article we review and update the SM prediction of a τ , analyzing in detail the three contributions into which it is usually split: QED, electroweak (EW) and hadronic. Updated QED and EW contributions are presented in Secs. 2 and 3; new values of the leading-order hadronic term, based on the recent low energy e + e − data from BaBar, CMD-2, KLOE and SND, and of the hadronic light-by-light contribution are presented in Sec. 4. The total SM prediction is confronted to the available experimental bounds on the τ lepton g−2 in Sec. 5, and prospects for its future measurements are briefly discussed in Sec. 6, where conclusions are drawn.
QED Contribution to a τ
The QED part of the anomalous magnetic moment of the τ lepton arises from the subset of SM diagrams containing only leptons and photons. This dimensionless quantity can be cast in the general form: 10
where m e , m µ and m τ are the electron, muon and τ lepton masses, respectively. The term A 1 , arising from diagrams containing only photons and τ leptons, is mass and flavor independent. In contrast, the terms A 2 and A 3 are functions of the indicated mass ratios, and are generated by graphs containing also electrons and/or muons. The functions A i (i = 1, 2, 3) can be expanded as power series in α/π and computed order-by-order
Only one diagram is involved in the evaluation of the lowest-order (first-order in α, second-order in the electric charge) contribution -it provides the famous result by Schwinger A
1 = 1/2. 11 The mass-dependent coefficients A 2 and A 3 , discussed below, are of higher order. They were derived using the latest CODATA 12 recommended mass ratios:
m τ /m µ = 16.8183 (27) .
The value for m τ adopted by CODATA in Ref. are slightly lower than the current world average value, but agree with it within the uncertainties, which are approaching that of the world average value (used in this work).
Two-loop Corrections
Seven diagrams contribute to the fourth-order coefficient A
1 , one to A
2 (m τ /m e ) and one to A 
where ζ(s) is the Riemann zeta function of argument s. For l = e, µ or τ , the coefficient of the two-loop mass-dependent contribution to a
2 (1/x), with x = m j /m l , is generated by the diagram with a vacuum polarization subgraph containing the virtual lepton j. This coefficient was first computed in the late 1950s for the muon g−2 with x = m e /m µ ≪ 1, neglecting terms of O(x). 19 The exact expression for 0 < x < 1 was reported by Elend in 1966. 20 However, its numerical evaluation was considered tricky because of large cancellations and difficulties in the estimate of the accuracy of the results, so that common practice was to use series 
This value is in very good agreement with previous results obtained with numerical methods. 28 The calculation of the exact expression for the coefficient A 2 (m l /m j , vac), receives contributions from 36 diagrams containing either electron or muon vacuum polarization loops, 29 whereas the second one, A (6) 2 (m l /m j , lbl), is due to 12 light-by-light scattering diagrams with either electron or muon loops. 30 The exact expressions for these coefficients are rather complicated, containing hundreds of polylogarithmic functions up to fifth degree (for the light-by-light diagrams) and complex arguments (for the vacuum polarization ones) -they also involve harmonic polylogarithms. 32 Series expansions were provided in Ref. 30 for the cases of physical relevance.
Using the recommended mass ratios given in Eqs. (4) and (5), the following values were recently computed from the full analytic expressions: 4
2 (m τ /m e , lbl) = 39.1351 (11) (13)
A (6) 2 (m τ /m µ , lbl) = 7.033 76 (71) . (15 (6) large. The sums of Eqs. (12)- (13) and (14)- (15) are
A (6) 2 (m τ /m µ ) = 7.010 21 (76) . (17) The contribution of the three-loop diagrams with both electron-and muon-loop insertions in the photon propagator was calculated numerically from the integral expressions of Ref. 21 , obtaining: 4 (41) . (18) This value disagrees with the results of Refs. 33 (1.679) and 25 (2.75316). Combining the three-loop results of Eqs. (11), (16), (17) and (18) one finds the sixth-order QED coefficient, 4
9315 (27) . (19) The error 2.
The order of magnitude of the three-loop contribution to a QED τ , dominated by the mass-dependent terms, is comparable to that of EW and hadronic effects (see later).
Contrary to the case of the electron and muon g−2, QED contributions of order higher than three are not known. 34,35 (An exception is the mass-and flavorindependent term A (8) 4 , 34 which is however expected to be a very small part of the complete four-loop contribution.) Adding up all the above contributions and using the new value of α derived in Refs. 3 and 4, α −1 = 137.035 999 709 (96), one obtains the total QED contribution to the g−2 of the τ lepton, 4
The error δa QED τ is the uncertainty δC
assigned to a QED τ for uncalculated four-loop contributions. As we mentioned earlier, the errors due to the uncertainties of the O(α 2 ) and O(α 3 ) terms are negligible. The error induced by the uncertainty of α is only 8 × 10 −13 (and thus totally negligible).
Electroweak Contribution to a τ
With respect to Schwinger's contribution, the EW correction to the anomalous magnetic moment of the τ lepton is suppressed by the ratio (m τ /M W ) 2 , where M W is the mass of the W boson. Numerically, this contribution is of the same order of magnitude as the three-loop QED one.
One-loop Contribution
The analytic expression for the one-loop EW contribution to a τ , due to the diagrams in Fig. 2 , is: 36
where 
The uncertainty encompasses the shifts induced by variations of M H from 114 GeV up to a few hundred GeV, and the tiny uncertainty due to the error in m τ . ) is too small, and it doesn't contain the two-loop contribution which, as we'll discuss in the next section, is not negligible.
Two-loop Contribution
The two-loop EW contributions to a l (l = e, µ or τ ) were computed in 1995 by Czarnecki, Krause and Marciano. 45, 46 This remarkable calculation leads to a significant reduction of the one-loop prediction. Naïvely one would expect the two-loop EW contribution a EW τ (2 loop) to be of order (α/π) × a EW τ (1 loop), but this turns out not to be so. As first noticed in the early 1990s, 47 a ). The fermionic part of a EW τ (2 loop) contains the contribution of diagrams with light quarks; they involve long-distance QCD for which perturbation theory cannot be employed. In particular, these hadronic uncertainties arise from two types of two-loop diagrams: the hadronic photon-Z mixing, and quark triangle loops with the external photon, a virtual photon and a Z attached to them (see Fig. 3 ). The hadronic uncertainties mainly arise from the latter ones. Two approaches were suggested for their study: in Ref. 45 the nonperturbative effects where modeled introducing effective quark masses as a simple way to account for strong interactions. In view of the high experimental precision of the g−2 of the muon, a more realistic treatment of the relevant hadronic dynamics was introduced in Ref. 50 within a low-energy effective field theory approach, later on developed in the detailed analyses of Refs. 38, 51, 52. However, from a numerical point of view, the discrepancy between the results provided by these two different approaches turns out to be irrelevant for the present interpretation of the experimental result of the muon g−2, in spite of its precision. The use of effective quark masses for the study of the g−2 of the τ -whose experimental precision is a far cry from that of the muon! -thus appears to be sufficient at present. The tiny hadronic γ-Z mixing terms can be evaluated either in the free quark approximation or via a dispersion relation using data from e + e − annihilation into hadrons; the difference was shown to be numerically insignificant. 38 References 45 and 47 contain simple approximate expressions for the contributions of the diagrams with fermion triangle loops shown in Fig. 3 (right) . In general, for a lepton l = e, µ or τ , neglecting small mass-ratios, they are
where I f 3 is the third component of the weak isospin of the fermion f in the loop, Q f is its charge, N f its number of colors (3 for quarks, 1 for leptons), and
The contribution of the top-quark triangle loop diagram of This does not occur for the third generation due to the large mass of the top quark. Note that this short-distance cancellation does not get modified by strong interaction effects on the quark triangle diagrams. 38, 53 Contrary to the case of the muon g−2, where all fermion masses, with the exception of m e , enter in a EW µ (2 loop fer; triangle loops), the approximate expressions in Eq. (25) show that this is not the case for the g−2 of the τ lepton. Indeed, due to the high infrared cut-off set by m τ , Eq. (24) for l = τ does not depend on any fermion mass lighter than m τ ; apart from m τ , it only depends on M top and m b , the masses of the top and bottom quarks (assuming m c < m τ ). The charm contribution requires some care, as the crude approximation provided by Eq. (25) 
The uncertainty allows M H to range from 114 GeV up to ∼ 300 GeV, and reflects the estimated errors induced by hadronic loop effects (m u and m d can vary between 70 MeV and 400 MeV), neglected two-loop bosonic terms, and the missing threeloop contribution. It also includes the small errors due to the uncertainties in M top and m τ . The value in Eq. (26) (26) in that it doesn't include the two-loop corrections.
The Hadronic Contribution
In this section we will analyze a 
Leading-order Hadronic Contribution
Similarly to the case of the muon g−2, the leading-order hadronic contribution to the τ lepton anomalous magnetic moment is given by the dispersion integral: 57
where the kernel K τ (s) is a bounded function of energy monotonously increasing to unity at s → ∞, and σ (0) (e + e − → hadrons) is the total hadronic cross section of the e + e − annihilation in the Born approximation. In Fig. 4 we plot the ratio of the kernels in the τ lepton and muon case. Clearly, although the role of the low energies is still very important, the different structure of K τ compared to K µ , induced by the higher mass of the τ , results in a relatively higher role of the larger energies. The history of these calculations is not as rich as that of the muon. The first calculation performed in 1978 in Ref. 58 was based on experimental data available at that time below 7.4 GeV, whereas at higher energies the asymptotic QCD prediction was used. Ten years later, a rough estimate was made in Ref. 59 based on low energy e + e − data. In Ref. 33 the contribution of the ρ meson was estimated by integrating the approximation obtained using the Breit-Wigner curve, while other contributions used the data. The accuracy of the calculation was considerably improved in Refs. 60, 61 where, below 40 GeV, only data were used. In Ref. 25 , data were only used below 3 GeV (together with the experimental parameters of the J/ψ and Υ family states). In our opinion this can significantly underestimate the resulting uncertainty. In addition, in the same reference, data from τ lepton decays were extensively used; as it is known today, this leads to higher spectral functions than in e + e − case, 62,63 and can therefore overestimate the result. The results of these calculations are summarized in Table 1 . For completeness, in the second part of Table 1 we also show purely theoretical estimates. The analysis based on QCD sum rules performed in Ref. 64 gives results which strongly depend on the choice of quark and gluon condensates. . 67 All these estimates somewhat undervalue the hadronic contribution and have rather large uncertainties.
We updated the calculation of the leading-order contribution using the whole bulk of experimental data below 12 GeV, which include old data compiled in Refs. 60, 62, 63, as well as the recent datasets from the CMD-2 68,69 and SND 70,71,72 experiments in Novosibirsk, and from the radiative return studies at KLOE in Frascati 73 and BaBar at SLAC. 74 The improvement is particularly visible in the channel e + e − → π + π − , where four new independent measurements exist in the most important ρ meson region: CMD-2, 68 SND, 71 and KLOE 73 (see ρ meson energy range is still important, but its relative weight is smaller than in the case of the muon anomaly, 51.3% compared to about 72%. 62,63 The contributions of the narrow resonances (J/ψ and Υ families) are included in the corresponding energy regions. It is worth noting that uncertainties of the contributions from the hadronic continuum are larger than that of the very precise 2π one. The overall uncertainty is 2.5 times smaller than that of the previous data-based prediction. 60,61
Higher-order Hadronic Contributions
The hadronic higher-order (α 3 ) contribution a 
Note that naïvely rescaling the muon result by the factor m , is the hadronic light-by-light contribution. Similarly to the case of the muon g−2, this term cannot be directly determined via a dispersion relation approach using data (unlike the leading-order hadronic contribution), and its evaluation therefore relies on specific models of low-energy hadronic interactions with electromagnetic currents. Actually, very few estimates of a The total hadronic contribution to the anomalous magnetic moment of the τ lepton can be immediately derived adding the values in Eqs. (28), (29) and (30),
Errors were added in quadrature.
The Standard Model prediction for a τ
We can now add up all the contributions discussed in the previous sections to derive the SM prediction for a τ : (the sum of the hadronic contributions is given in Eq. (31)). Adding errors in quadrature, our final result is
The present PDG limit on the anomalous magnetic moment of the τ lepton was derived in 2004 by the DELPHI collaboration from e + e − → e + e − τ + τ − total cross section measurements at √ s between 183 and 208 GeV at LEP2: 5 − 0.052 < a τ < 0.013 (34) at 95% confidence level. The authors of Ref. 5 also quote their result in the form of central value and error:
Comparing this result with Eq. (33) (their difference is roughly one standard deviation), it is clear that the sensitivity of the best existing measurements is still more than an order of magnitude worse than needed. A reanalysis of various measurements of the cross section of the process e + e − → τ + τ − , the transverse τ polarization and asymmetry at LEP and SLD, as well as of the decay width Γ(W → τ ν τ ) at LEP and Tevatron, allowed to set a stronger model-independent limit: 81 − 0.007 < a τ < 0.005.
Other limits on a τ can be found in Refs. 82.
Conclusions
In this article we reviewed and updated the SM prediction of the τ lepton g−2. Updated QED and electroweak contributions were presented, together with new values of the leading-order hadronic term, based on the recent low energy e + e − data from BaBar, CMD-2, KLOE and SND, and of the hadronic light-by-light contribution. These results were confronted in Sec. 5 to the available experimental bounds on the τ lepton anomaly.
As we already mentioned in the Introduction, quite generally, NP associated with a scale Λ is expected to modify the SM prediction of the anomalous magnetic moment of a lepton l of mass m l by a contribution a
2 . Therefore, given the large factor m 2 τ /m 2 µ ∼ 283, the g−2 of the τ lepton is much more sensitive than the muon one to EW and NP loop effects that give contributions ∼ m 2 l , making its measurement an excellent opportunity to unveil (or just constrain) NP effects.
Another interesting feature can be observed comparing the magnitude of the EW and hadronic contributions to the muon and τ lepton g−2. The EW contribution to the g−2 of the τ is only a factor of seven smaller than the hadronic one, compared to a factor of 45 for the g−2 of the muon. Also, while the EW contribution to a SM µ is only a factor of three larger than the present uncertainty of the hadronic contribution, this factor raises to 10 for the τ lepton. If a NP contribution were of the same order of magnitude as the EW one, from a purely theoretical point of view, the g−2 of the τ would provide a much cleaner test of the presence (or absence) of such NP effects than the muon one. Indeed, if this were the case, such a NP contribution to the τ lepton g−2 would be much larger than the hadronic uncertainty, which is currently the limiting factor of the SM prediction.
Unfortunately, the very short lifetime of the τ lepton makes it very difficult to determine its anomalous magnetic moment by measuring its spin precession in the magnetic field, like in the muon g−2 experiment. 2 Instead, experiments focused on high-precision measurements of the τ lepton pair production in various high-energy processes, comparing the measured cross sections with the QED predictions. 5,82 As we can see from Eq. (34), the sensitivity of the best existing measurements is still more than an order of magnitude worse than that required to determine a τ .
Nonetheless, the possibility to improve such a measurement is certainly not excluded. For example, it was suggested to determine the τ lepton g factor taking advantage of the radiation amplitude zero which occurs at the high-energy end of the lepton distribution in radiative τ decays. 83 This method requires a very good energy resolution and could perhaps be employed at a τ -charm or B factory also benefiting from the possibility to collect very high statistics. It is not clear whether the huge data samples at B factories will result in a corresponding gain for the limits on a τ . Indeed, LEP measurements were rather limited by systematic uncertainties, which were of the order of 2-3% for the discussed processes and, until now, experiments at B factories have not yet reached such a level of accuracy in the absolute measurements of the total cross sections. However, a search for the τ lepton electric dipole moment at Belle 84 showed that with the appropriate choice of observables, using full information about events, the improvement in sensitivity can be proportional to the square root of luminosity, i.e., determined mainly by statistics. One can hope that this is also the case with the determination of a τ . A similar method to study a τ using radiative W decays and potentially very high data samples at LHC was suggested in Ref. 85 . Yet another method would use the channeling in a bent crystal similarly to the suggestion for the measurement of magnetic moments of short-living baryons. 86 This method has been successfully tested by the E761 collaboration at Fermilab, which measured the magnetic moment of the Σ + hyperon. 87 In the case of the τ lepton, it was suggested to use the decay B + → τ + ν τ , which would produce polarized τ leptons. 33 In 1991, when this suggestion was published, the idea seemed completely unlikely. However, in the era of B factories, when the decay B + → τ + ν τ is already observed by the Belle collaboration, 88 and the possibility of a Super-B factory is actively discussed, this is no longer a dream. Even more promising could be the realization of this idea in a dedicated experiment at a hadron collider with its huge number of B mesons produced and a more suitable geometry. We believe that a detailed feasibility study of such an experiment, as well as further attempts to improve the accuracy of the theoretical prediction for a τ , are quite timely.
